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In this paper, the properties of the lower cut set and the upper cut set of
rectangular L-fuzzy complex numbers are studied and it is showed that the (¥)-
upper cut and [£]-upper cut on this type of fuzzy numbers are satisfied under f8
and a preserving mapping, respectively. The inclusion properties on the set of
cut set types are proved and some decompositions of this type of number and its
characterizations are discussed. The basic arithmetic operations between
rectangular L-fuzzy complex numbers are introduced and some representations
of them are obtained. Furthermore, the notions of rectangular L-multi-fuzzy
complex numbers are demonstrated and some fundamental theorems and rules

were presented for calculating binary operations between them. Some modulus

complex number, L- g o ’ - -
and inequalities on the set of L-multi-fuzzy quantities are derived.

multi-fuzzy complex
number.

Introduction

Since previous research on fuzzy numbers and fuzzy complex numbers have been based on [0, 1]-fuzzy
analysis theory, their applications are limited. Therefore, based on Zadeh’s work [1], Goguen [2] generalized
fuzzy sets to the notion of L-fuzzy sets where L is a complete lattice. Later, Huang and Shi [3] generalized the
notions of fuzzy convex sets, fuzzy numbers, and cardinality of fuzzy sets to the L-fuzzy systems theory. They
presented some of their equivalent properties and characterizations in terms of cut sets of the theory of L-fuzzy
sets as an application similar to [4].

Multi fuzzy set theory is an extension of theories of intuitionistic fuzzy sets [5] and L-fuzzy sets. Fuzzy
multisets were the first introduced by Yager [6] which discussed the basic operations and properties. Next,
Miyamoto [7] modified and developed some new operations that recover Yager’s multisets. Moreover, to
generalize fuzzy numbers to the general setting, Sabir [8] introduced and studied multi-fuzzy numbers as an
extension of fuzzy numbers in [9]. Also, Dey and Pal [10] defined multi-fuzzy complex numbers and sets by
investigating the ordered sequences of a grade of memberships.

The paper is organized as follows: In section two, we review the definitions and concepts related to the
topic and present the notations needed in the rest of the paper. In section three, we present some important

results involving rectangular L-fuzzy complex numbers and prove some new results and connections among
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them when L is a completely distributive lattice. In section four, we consider L-multi-fuzzy complex numbers
with finite membership sequences and their characterization using set-valued membership functions.

Preliminaries

Zadeh [1] presented the concept of fuzzy sets from crisp sets and defined fuzzy set ¥ on the universal set X,
which is a mapping u(x|%): X — [0, 1]. Frequently, we shall denote the collection of all fuzzy sets in X by F(X)
and sometimes write pz(x) instead of u(x|%). Let X; € F(X), i in a nonempty index set I. Then the standard
fuzzy intersection of %;, N;%;, and the standard fuzzy union of %;, U;%;, are defined, respectively, by
infu(x|%;) = A pg, (x) and sup ulxlx) =V g, ().

One of the basic notions of fuzzy sets is the Zadeh’s extension principle which provides an important
method for extending regular mathematical notions to fuzzy quantities as the arguments of the function. Let
fiA; X Ay X ... X A, = B given by x = f(xq,x5,...,x,) and ¥y, %,, ..., X, are n fuzzy sets on X; for i =
1,2, ...n. Here the extension principal set ¥ = f (X, X5, ..., X,,) is defined by

u(x|x) = \/ (e 1D pQ XN <o A (x| X))

X1,X2,0Xn | X=F(X1,%2,0%n)

The fuzzy control system is a generalization of the human experience of formulating control actions using
linguistic rules with ambiguous predicates. The key to employing linguistic rules, both in the premise and in the
consequent part of the rules, is a well-established use of t-norms and t-conorms for modeling the intersection
and the union of fuzzy sets. A triangular norm is a binary operation T on the unit interval satisfying
commutativity, associativity, monotonicity, and boundary conditions. The basic triangular norms [11] are
Tm(a,b) = A(a,b), Ty(a,b) =V(0,a+ b — 1) and T,,(a, b) = ab.

A partially ordered set L is called a lattice if for any finite subset has both supremum and infimum in L. A
lattice L is said to be completely distributive [12] if the following conditions hold

(D) Aser (V jeri G ) = Vrerli(Aier @or ),

@) Vierl(Ajes, aij) = Arertr(Vies @oro),

where forall i € I and forall j € J;, a;; € L and f € [[J; means f is a mapping f:1 — U J; such that for all

An element a in a lattice L is called prime element [13] if and only if the relation x A y < a always implies
x < aory < a.Anelement is co-prime if and only if it is a prime of L°P as short for (L, <°P). The set of non-
unit prime elements (resp. non-zero co-prime elements) is denoted by P (L) (resp. M(L)).

Wang in [14] presented some definitions and results as follows:

Definition 2.1. Let L be a complete lattice, a € L. Then ¢ # B c L is called a minimal family of a if the
following conditions hold

(1) sup(B) = a,
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(2) forall A c L, sup A < a implies that for all x € B there exists y € A such that y > x.

Definition 2.2. Let L be a complete lattice, a € L. Then ¢ # A c L is called a maximal family of a if the
following conditions are satisfied

(1) infA = a,
(2) forall B c L, inf B < a implies that for all x € A there exists y € B such that y < x.

Through this paper, B(a) will denote the greatest minimal family of a; and a(a) will denote the greatest
maximal family of a, if it exists. For each a € L, there exists a(a) and B(a) such thata = A a(a) = V ().

Theorem 2.3. Let L be a completely distributive lattice, a,b € L and a = b (resp. a < b). Then B(b) c
B(a) (resp. a(b) c a(a)).

Theorem 2.4. Let L be a completely distributive lattice, a; € L forall i € I. Then
(1) B(V;a;) = U; B(ay), that is, B is a union-preserving mapping.
(2) a(Aijey a;) = Ui alay), that is, a is a A —V mapping.

Noted that a need not be a \V — A mapping. For example, let L =[0,1] and a; = % — 1101 then V;a; = % and

1]. Hence, a(V; a;) = (%1] * El] = Nier a(ay).

1 1
a(a;) = (E_E'

As a generalization of Zadeh’s fuzzy set, the concept of L-fuzzy set [2] was presented that map whole
members in universal set X to L. Throughout this paper, L(X) denotes the set of all L-fuzzy sets (briefly L-sets)

over non-empty set X. Let ¥ € L(X) and a €L, cut sets [3,4,15] of X are defined as X4 =
{x € X:u(x|¥) = a}, Xq) = {x € X : a € p(u(x]X))}, #ld=({xeX:a¢aukx|x)}and ¥® ={xe X :
1(x|%) £ aj. It is obvious that a € B(b) implies Xpp) € (4] € ¥q; and a € a(b) implies 4 ¢ ¥@ c xlak

Let R denote the set of real numbers. Huang and Shi in [3] defined that ¥ € L(R) is an L-fuzzy number if
there exists x € R such that u(x|%X) = 1 (that is, ¥ is normal) and for all a € L, X(a) is a closed interval. Next,

the author in [16] redefine the L-fuzzy number as follows:
Definition 2.5. An L-set ¥ of R is called an L-fuzzy number if
(1) % is normal,

(2) forall 0 # a € L, X[4; is a bounded closed interval.

Theorem 2.6. If X and ¥ are real L-fuzzy numbers, then ¥ + y, ¥ — ¥, X - ¥ are also L-fuzzy number; If ¥ is a
positive L-fuzzy number (or a negative L-fuzzy number) then ¥ + ¥ is also L-fuzzy number.
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Rectangular L-fuzzy complex numbers and their cut sets

In this section, we present and discuss some characterizations and properties of rectangular L-fuzzy complex
numbers and their cut sets. Also, we concentrate on the modulus and conjugate of rectangular L-fuzzy complex
numbers.

Definition 3.1. If X and j are two L-fuzzy numbers with membership functions u(x|%) and u(y|¥), respectively,
then Z = X + iy is a rectangular L-fuzzy complex number with membership function

u(x + iyl2) = T ((x12), u(y19))-
We will use RLF(C) to denote the set of all rectangular L-fuzzy complex numbers.

Definition 3.2. Let Z € RLF(C) and £ € L. We define, the [£]-upper cut set of 2, Il = {z € C | u(x + iy|2) =
£}, the (€)-upper cut set of z, 2 ={z € C| £ € B(u(x + iy|2))}, the (£)-lower cut set of Z, Z, =
{z € C| u(x + iyl2) > £}, the [£]-lower cut set of Z, Zjp = {z € C | £ & a(u(x + iy|2))}, respectively.

Definition 3.3. If Z;,Z, € RLF(C) and *€ {+, —,-,=}, then we define the membership function of Z; * Z, as
follows

iz )= \[ T, 10w,12,))
W=Wq*Wy
Lemma 3.4. Let Z € RLF(C) and u € L. Then
1) M cz®czlirall e e .
2 Z[g] C Z(#) C Z[ll] forall £ € a(u).

Proof. We prove only the first part and the second part is similar. Let z € z[#, for all £ € B(w), implies that
1(z|2) = p, from Theorem 2.3 we obtain that B(u) c B( u(z|2)) and this means that ¢ € B( u(z|2)).

Therefore, z € 2 (9,

In order to prove z(? c 2171, let z € () then ¢ € B( u(z|2)) implies that £ < sup (B(,u(le))). So, by
Definition 2.1, £ < sup (B( u(212))) = u(z|2).

Lemma 3.5. Let Z € RLF(C) and ¢ € L, we have

(1) ] = ] 4 iy[f]_

2 Zip) = Xy + 1 Y-

3 Zoy =Xy H i Yoy

Proof. (1) Suppose that z belongs to the [£]-upper cut of Z, then there exists x and y so that x + iy = z and
Tm(u(xla?), M(YW)) > ¢. This implies that, both u(x|%) and u(y|¥) are greater than or equals €. Therefore, by
definition of #-cut of L-fuzzy numbers, x € ¥, y € 1 and z € %[¥1 + i 1. Conversely, if z € ¥4 + i F*],
where z = x + iy, then obviously, Ty, (u(x|%), u(y|5)) = ¢ and z € ZI*1.
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(2) Let z belongs to the [#]-lower cut of Z, then there is an x and y such that x +iy =z and ¢ ¢

a (Tm(u(xlf),u(yly))). So, by Theorem 2.4 we get that a(u(x|%) A u(y13)) = a(u(x|%)) U a(u(15)).
Thisistosay ¢ ¢ a(u(x|%))and £ & a(u(y|7)). So that, by definition of £-cut of L-fuzzy numbers, x € X,
Yy € ¥ and z € Xy + i Jp. Conversely, if z € X + i3y, where z=x+1iy, then obviously, ¢ ¢

a(u(x1%)) U a(u15)) = a (Tn(nGx12), (1)) ), and z € 2.
(3) The proof is similar to that of (1)

Lemma 3.6. Let Z be a rectangular L-fuzzy complex number. If for any p,u, € L, B(uy Apty) = B(ug) N
B(uz), then 2 = £ 4 5@ forall ¢ € L.

Proof. Let z € 29, then there is an x and y so that x + iy = z and £ € 8 (Tm(u(xlf),u(yljz))). Because
BEAW) =BE)N L),V u € L,soityields that

B (T (1), uy19)) ) = B(u(x1%)) 0 B(u(y17))-

This implies that £ € B(u(x|%)) and £ € B(u(y|¥)). Therefore, by definition of £-cut of L-fuzzy numbers,
x€x®D yey@andz e x® +i5®,

Conversely, if z € ¥ + i $ where z = x + iy, then obviously, £ € B (Tm(u(xlf),y(yly))) and z € 29
straight forward.
Theorem 3.7. Let Z,,Z, € RLF(C)and ¢ € L. Then

1) G+2)0c 29+ 29 c 29+ 2, c (@ +2)%.
(2) (21 + 22)({’) c Zl(g) + ZZ({) = Zl[g] + Zz[g] c (21 + 22)[{’]-

Proof. (1) Letw € (%, + 2,) implies that £ € B(u(w|2, + 2,)), From Definition 3.3, we obtain that

eep| \/ Tuleonlz)porlz))

w=wq+w,

and by Theorem 2.4, we have

te | B(Tm(unlz) now12)))

w=wq+w,

Hence, there exists w; and w, satisfying w; +w, = w such that £ € g (Tm(u(w1|21),u(w2|22))). This
implies that £ belongs to both B((w112,)) and (u(w;|2,)). Forwy = x; + iy, and w, = x, + iy,, Definition
3.1 say that ¢ belongs to all B(u(x,1%,)), B(u(x21%2)), B(u(1l¥.)) and B(u(y,|7,)). Therefore, the
definition of £-cut of L-fuzzy numbers implies that w; € % +i5,® and w, € %® + i5,%. Hence, by
Lemma 3.6 we get that w € 2, + 2,©.
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(€ )

On the other hand, by Lemma 3.4 we have z,(? c z,% and 2,'? c 2,14 this means that z,© + 2,9 c

7+ 2,1,

To prove that z, 1 + 2,4 c (2, + 2,)1), let w € 2,1 + 2,¥], then there exists w, and w, satisfying w, +
w, = w such that w, € 2,1 and w, € z,'!, which implies that u(w,|2,) = ¢ and p(w,|z,) = ¢. For w, =
x;+iy; and w, =x, +1iy,, by Definition 3.1 we get that T, (u(x11%), u(nly)) =¢ and

T (1 Ce2|%2), u(y2172)) = ¢

In other words, Tm(u(xllfl),u(lefz)) > ¢ and Tm(y(yllyl),u(yzlyz)) > ¢. Next, the extension principle
for L-fuzzy numbers, obtained that

pGit+2) = \[ TaluCal®) kGal%) =

X=X1+X

and,

pylyL +92) = \/ Tm(ﬂ()’1|)~’1)'ﬂ(Y2|372)) =4
y=yi1ty2

Therefore,

x € (% + %) and y € (5, + )l
Finally, Lemma 3.5 (1) implies that, w € (2, + 2,)¢!.
The proof of (2) is similar as (1).

Theorem 3.8. For the rectangular L-fuzzy complex numbers Z; and Z, and £ € L, we have
D) G+ 2= Nuepoy (™ + ) = Npepny (P +2,W).

2 (& +52)(€) — Ufeﬁ(#) (Z~1[u] + Zz[“]) — Ul’EB(#) (Zl(”) + Zz(”)).

(B) (& +2) = Necatw (Zrpg + Z2p) = Neeatr (Zrg + Z2a ).

(@) G+2)e=U (7, + Zz[ﬂ])uEa(g) = U (710 * Z20)) peatey

Proof. (1) Let w € (2, + Z,)! implies u(w|z, + Z,) = £. Definition 3.3 gets that,

\  Tnle1z),uws12)) = ¢

w=wji+w;

Hence, there exists w, and w, satisfying w; + w, = w such that Tm(u(wllil),y(wzlz"Z)) > £. This implies,
uwyl|z,) =fand pu(w,lzy) = €. Forwy = x4 + iy; and w, = x5, + iy,, by Definition 3.1 we get that

Tm(ll(x1|f1);#(3’1|371)) = ¢ and Tm(#(xzwz)'#(yzlf’z)) =4

In another word, u(xq|%,) = €, u(x21%;) = £, u(y1|9,) = £, and u(y,|9,) = ¢.
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Therefore, by noting that ;) < %, " and %, < %, for each u € B (), we can obtain %, < N, pp) 7,
and %, < N e g0 %, and this implies that

x, € ﬂ %™ and x, € ﬂ %, 1M,
UEB(®) UEB(E)

As before, we can also have

Y1 € ﬂ V1 u andy, € ﬂ )72[”]-

UEB () UEB(E)

This means,

w € ﬂ (%, +i5,“) andw, € ﬂ (%, + i 7,14
HEBCO) HEB(D)

Hence, by Lemma 3.5 (1) we get that

we ﬂ CACEY AT AT AT ﬂ (2,1 + z,1).
HEB(E) HEB ()

Conversely, if we take

w e ﬂ (2, + z,1),
HeB(®)

then for all . € B(£), we get w € (7,1 + 2,1#). This implies, there exists w; and w, such that wy + w, = w
and both belong to 2, “! and z,¥, respectively.

So that, for w; = x; + iy,, w, = x, + iy, and all u € B(£), Definition 3.1 and Definition 3.2 implies that both
T (G2 1%1), (1 151)) and Ty (1212, 1(72172)) are greater than or equal to .

Next, the extension principle for L-fuzzy numbers obtained that,

kit + %) =\ Tn(uGalf),utl%)) 2 \flue Llnepen =

X=X1+Xx,

and,

kO +3) =\ Ta(uOal30,10:152)) = 2.
Y=Y1+Y2
Therefore,

x € (X + fz)[f] andy € (3; + 372)[{)].

Finally, Lemma 3.5 (1) implies that, w = x + iy € (&; + Z,)[].
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Toprove (Z + 20 = Nuepny(H® + 2,W), we take w € Nyepee)(2® + 2,%9). Then there exists w,

and w, such that w;+w,=w and u belongs to both ﬁ(Tm(u(xllfl),u(yllyl))) and
B (Tm(nCeal ), u(y217,))),  this  implies  that  B(£) € B (T (uCerl%0), k(1151))) and B(£)

B (Tm(y(lefz),u(yzlyz))), by Theorem 2.3 we obtain that Tm(u(xllfl),u(yllyl)) >
¢ and T, (y(xz |%5), u(y, |372)) > £. Next, the Zadeh’s extension for L-fuzzy numbers get that,

et +7) = \[ Tn(ual2) p(l%)) 2 ¢
X=X1+X,
and
pylyL +92) = \/ Tm(ﬂ()’1|)~’1)'ﬂ(Y2|372)) =4,
y=y1ty2

Therefore,
x € (X + %)M andy € (5, + 7)1
Hence, Lemma 3.5 (1) implies that, w = x + iy € (2, + 2,)[.
The proof of other inclusion obtained by the same way.
The proof of (2), (3) and (4) are similar steps.

Theorem 3.9. If Z;,Z, € RLF(C) and *€ {+, —,,=}, then

D) Z1%%= Ve A G2 = Ve, A @ 559)) = Viewq) €A @'+
%)) = Veeway (€A &Y *2,9).
Q) Z1*Z; = N, (¥ V (Zl[g] * Z~2[3] ) = Npe, £V (Zl(g) * 22(3))) = /\{’EP(L)({) \4 (Zl[g] * Zz[g] ) =
/\{’EP(L) VvV (Z @ * Zy (g)))-
Proof. We prove only for the case when * is addition. Let Z; = ¥, + iy, and Z, = X, + i¥,, first we have to
prove that Z, +7Z, =% + %, +i(J; + 7). We know that for w; =x; +iy; and wy, = x, +iy,,

Tm(ll(W1|51):ﬂ(W2|Zz)) = Tm(ll(xﬂfl):.U(x2|552)'l1(Y1|371)'Ii(3’2|372))- Furthermore, let ¥, ¥, x, and y
denotes for ¥; + X,, ¥; + ¥,, x1 + x5, and y; + y, respectively, then

T (H(x1 1%1), (2 |%2), u(y1191), u(y, |}~’2)) < Tm(#(x1 |%1), 1(xy |f2))
and

Tm(#(x1|f1),M(x2|972):#(3’1|371),M(YZWZ)) < Tm(#()’1|}~’1),li(J/2|372))
This means that,

T (1 (1 1%1), n(x2 | %), w1 [51), 1 (v 152)) less than or equal to both p(x |%) and u(y |5).

Hence, for Z =X + iy and w = x = iy, Tm(#(x1|f1):#(Xz|f2)lﬂ(3’1|3~’1):ﬂ(3’2|3~’2)) < u(w |2) implies that
pw | Zy + Z;) < u(z|2).
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On the other hand, for arbitrary € > 0 there are x3, y;, x; and y, such that x = x; + x5, y = y; + ¥, and
T (1 (1 1%1), 1(x51%2)) > pu(x | %) — € (Resp. T (u(yi151), u(¥3152)) > u(y |§) — €). This implies that,

Ton (1 (x11%1), w Q31 %2), w1 150), 1 (2172)) > n(w 12) — €
Therefore, u(w | Z; + Z,) > u(w |2) — e impliesthat u(w | Z; + Z;) = u(w |2).
Finally, the proof follows directly from Lemma 3.5.

Corollary 3.10. If Z; and Z, are rectangular L-fuzzy complex numbers, then so are Z;, + Z,, Z; — Z,, Z; - Z, and
7, + Z,, where in the case of division 0 & supp(Z,).

Proof. The proof follows from Theorem 3.9 and Theorem 2.6.

Theorem 3.11. If Z;,Z, € RLF(C) and ¢ € L, then

(1) G+ 2 = Zip T 22y
() G+ 2,0 =z 4z

Proof. (1) Suppose that w € Z; @ 1 2200y this implies there exists w; and w, such that w; + w, = w and both
belong to Zl(f) and 22({,), respectively. So that, for w; = x; + iy, and w, = x, + iy,, Definitions 3.1 and 3.2
conclude that

Tm(u(x1|f1),u(y1|371)) > ¢ and Tm(#(x2|fz)’#(}’2|}72)) > 4.

Next, the extension principle for L-fuzzy numbers, say that

it +5) = \[ T2, 0G1%)) > £

X=X1+X;

and

O +3) =\ TGl u(01%) > ¢
y=y1ty2

Therefore, x and y belongs to (X; + X)) and (¥, + 7,) (s respectively. Finally, by Lemma 3.5 (3) and
Theorem 3.7 (2) we get the result.

The proof of (2) is similar.

As we saw in Theorem 3.7, we have Zipp) t 22y © (Z1 + Z;) ¢, to prove the other side we find the sufficient
condition as follows:

Theorem 3.12. Let Z;,Z, € RLF(C) and a isan vV — A mapping. Then (Z; + Z;)g = Zyppy t+ 2y forall £ €
L.

Proof. For w € (Z; + Z,)!*) implies ¢ & a(u(w|Z, + Z,)) and by Definition 3.3, we have that
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teal \/ Tu(uonln) uelz) |

w=wi+w,
Since a isan v — A mapping, then

al \/ Tlenlz) o) | = (] @ (Tnleonlz), ww,12)))

w=wq+w, w=w;+w;

Hence, for all w; and w, satisfying w; + w, = w, {’Ea(Tm(,u(Wllfl),y(wzliz))), and we know

(“(#(W1|Z1) U a(#(W2|Zz)) c a(Tm(H(W1|Z1) .H(W2|Zz))), therefore £ ¢ (a(#(W1|Z1) U a(H(Wzlfz))
sothat ¥ & a(u(w,|Z;,) and € & a(u(w,|Z,), forw; = x; + iy; and w, = x, + iy,, Definitions 3.1 and 3.2 get
that

¢ ¢ o (T (uCerl 1), k(31 17)) ) and € @ Ty (12 1%2), 1(31572)))

In other words, ¢ & a(u(x,1%,)), € € a(u(x,1%,)), € € a(u(y,15,)) and £ & a(u(y,|5,)), by definition of
£-cut of L-fuzzy numbers imply that

X, € fl[{)] and x, € X, [ﬂ,
also,
1 € 5,7 and y, € 7,1,
Hence, by Lemma 3.5 (1) we get that
we (%9 +ig 1+ 5,0 4 ip, 1) = 7)1 4 5,14,
By (2) in Theorem 3.7 we obtain the equality, as required.

As we saw in Theorem 3.7, we have (2, + %, ) c 2, + 2,9, to prove the other side we find the sufficient
condition as follows:

Theorem 3.13. Let Z,,Z, € RLF(C). If for any £,4, € L, B(£1\ ;) = B(£1) N B(£), then (2, + 2Z,)©® =
79 +2,Oforall ¢ e L.

Proof. For w € 2, + 2,9, there exists w, and w, satisfying w, + w, = w such that w, € 2, and w, €
2,9, which gets that £ € B(u(wy|2,)) and £ € B(u(w,12,)). For wy = x; + iy; and w, = x, + iy,, By

hypothesis, ¢ belongs to all B(u(x;1%,)), B(1(x21%,)), B(u(y1151)) and B(u(y,|¥,)). One apply Theorem
2.4, we have that
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eep \/ Ta(uCal®utel®y) |andeep| \/ Tu(uouly o) )

T y=y1+Y;
Therefore,
x € (% +%)® and y € (5, + 7,)®
By Lemma 3.6 we see that w = x + iy € (2, + £,)©. Hence, the result follows from Theorem 3.7 (2).

Theorem 3.14. Let Z be a rectangular L-fuzzy complex number. If forany ¢,u € L, £ < u, then
(1) zM (1.

CORAT
() Zy

N N

[£]-
(DX

N NN

N

Proof. (1). Suppose that z € z¥l. Then u(z|Z) > and for z = x + iy. By Definition 3.1 we have
T (1 (x1%), u(¥15)) = u = ¢ this implies that u(x|%) = ¢ and u(y|y) = ¢. So, by Lemma 3.5 (1) we get that
z €zl

(2). For z € Zp,) we have that p & a(u(z|2). Then, u & a (Tm(u(xlf),u(yly))). Next, Theorem 2.4 implies

that u ¢ (a(u(xlf)) U a(u(y|37))). So, it remains to show that 1 ¢ a(u(x|%)) and u & a(u(y|9)). Since £ <

1, by Definition 2.2 it is obvious that ¢ & a(u(x|%)) and ¢ & a(u(y|9)). Therefore, by Definition 3.1 and
Lemma 3.5 (2) we have z € Z.

The proof of (3) is similar as (1).

Theorem 3.15. Let Z be a rectangular L-fuzzy complex number. If forany #,u € L, B(£ A ) = B(£) N B(w),
then (W c 2,

Proof. Assume that z € 2®. Then u € f(u(z|2)) and for z = x + iy, Definition 3.1 implies that u €

B (T (1(x1%), 1(y19))). So, 1 belongs to both 4(u(x|%)) and f(u(y17)). Since, £ < u, then £ € B(u(x|%))
and ¢ € B(u(y15)). From Lemma 3.6 we obtain z € 2%,

Definition 3.16. Given Z = ¥ + iy, the modulus of Z define by |Z| = \/X¥2 + 72, where |Z| is an L-fuzzy number
with the following membership function

palizh =\ T(p@),u019)).
r=JxTHy?

Lemma 3.17. If Z = X + iy be a rectangular L-fuzzy complex number and ¢ € L, then

@ 1z =z,
@ 121® =1z,
@) 1zl =12 .
(4) 1zl =12 ]
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Proof. (1) Let r € |2 |¥]. Then there exists z = x + iy such that r = \/x2 + y2 and T;,, (u(x|% ), u(¥15)) = ¢.
Hence r € |z|. Conversely, let r €|z then there are x and y so that r=./x?+y2 and
T (u(x|%), u(y15)) = ¢. This implies that Vr=me(M(x|f ), u(y1$)) = ¢. Therefore, r € |2 |I].

(2) Suppose that r € |2 |®). So, by Theorem 2.4, there exists z = x + iy such that r = \/x2 + y2 and £ €
B (Tm(,u(xlf ), u(yly ))) This means that € |z ®|. Conversely, let r € |z ()|, then there are x and y so that

r=yaZ+y2 and £ € B (T (uxl?),n(y1))), clear that £ € B (Vr=W Ty (x| ),u(ylfz))) and

this implies that r € |2 |©.
The proof of (3) and (4) follows by similar steps.

Definition 3.18. If Z = X + iy is any rectangular L-fuzzy complex number, then the conjugate of Z define by
Z = X + i(—%) with the following membership function

p@lZ) =\ Tu(p@®)u019)

z=x—1y

Theorem 3.19. For a rectangular L-fuzzy complex number Z = X¥ + iy and £ € L, we have

@ £¥=z1
@ Zig=2
B) Zw =2
@ £9=:®

Proof. The proof follows from Lemma 3.5 (1-3), Lemma 3.6, and Definition 3.17.
L-multi-fuzzy complex numbers

Let p be the set of positive integers and {L; : i € p} a family of complete lattices. A collection of repeated
symbols is called multiset [17] and fuzzy multiset [6] defined as a fuzzy bag ¥ drawn from A characterized by
a function py : A >y, where y is the set of all classical bags drawn from [0, 1]. Next, Sebastian and
Ramakrishnan [18] developed the concept of fuzzy multisets in terms of ordered sequences of membership
functionsasaset I = {(a, py(a), uy(a), ..., u;(a),..) : a € A}, where y; € L;(A) fori € p. Also, Atanassov’s
in [5] defined intuitionistic fuzzy set Q in the universal set X as an object of the form Q =
{(x, ug (%), vg(x)) : x € X}, where ug(x) (resp. vq(x)) define the degree of membership (resp. the degree of
non-membership) of elements x € X to the fuzzy set Q in X, and for every x € X, 0 < ug(x) + vg(x) < 1.

Let X be the universal set, N° the set of nonnegative integers and let Count,: X — N° be a function. We
define a L-fuzzy multiset X in X by a multiset of X X L as ¥ = {Countz(x, u(x|%))/(x, u(x|X)) : x € X,u €
L}, that is, the number of x with the membership grade u is Countz(x, u). We also can write a decreasing
sequence of values of x € X as % = {(x, uy (x|%), p2 (x1%), ..., ux (x|%)): x € X}, where y; € L;(X) for i =
1,2,...,k, k € pisindependent of x and p; (x|%) = pu,(x|X) = -+ = p (x|X). For a € L, the copies number of
x € X¥(a), the a-cut of L-fuzzy multiset %, is defined as County)(x) =0 if and only if u, (x[X) < a;
Countyq)(x) = p ifand only if u, (x|X) = a and py,,1 (x|X) < a for p < k; Countzq)(x) = k if and only if

ti (x]%) = a.
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An L-fuzzy multiset % = {(x, uy (x|%), o (x1%), ..., e (x1%)): x € X, p; € L;(R),i = 1,2, ..., k} is called L-
multi-fuzzy number if

(1) There exists x € R such that u;(x|X¥) =1fori =1,2,...,k.
(2) Foralla € L, ¥(a) is a bounded closed interval.

If X and 7 are two L-multi-fuzzy numbers with membership functions u; (x|x) and u (y|¥), respectively,
then Z = X + iy is a rectangular L-multi-fuzzy complex number with multi membership functions

(e + 12) = T (i (x10), 1 13)), k € p.

For a € L, the a-cut, Z(a), of L-multi-fuzzy complex number z = {(z, uy (z12), u (2|2), ...,y (z12)): z €
Cu; € Li(C),i = 1,2, ..., k} is defined as:

Countyg)(2) = 0 if and only if y; (2|2) < a;

Countzqy(2z) = pifand only if u,,(z|12) = a and p, 41 (z]2) < aforp < k;

Countyg)(2) = k if and only if y, (2|2) = a.

Lemma4.1. If Z = X + iy is a rectangular L-multi-fuzzy complex number and a € L, then
Z(a) = x(a) +iy(a).

Proof. Let z € Z(a) implies there exists a positive integer p whenever Count;)(z) = p, if and only if
Up(z|Z) = a, so that there is an x and y such that x + iy = zand T, (,up(xlf),up (yly)) > a, itis obvious that
Up(x]%) = a and u, (y|y) = a. Moreover, by definition of a-cuts of L-multi-fuzzy numbers, Countsq(x) =
p and County,)(y) = p, thisis to say x € ¥(a), and y € y(a). Therefore, z € ¥(a) + i §(a). Conversely, if
z € X¥(a) + i y(a), where z = x + iy, then obviously there is a positive integer p such that Countz ) (x) = p

and Countyq)(y) = p if only if T, (/,tp(xlp?),up(yl}?)) > a, clear that u,(z|2) = a implies Count;(q)(2) =
p. Therefore, we have shown that z € Z(a).

Theorem 4.2. Let Z is a rectangular L-multi-fuzzy complex number. If forany a,b € L, a < b, then
Z(b) < Z(a).

Proof. Suppose that z € Z(b), then Count;(,(z) = p if and only if p,(z|Z) = b, so that there is an x and y
such that x + iy = zand T, (up(xlf),,up(yly)) > b, this means that p, (x|%) = b and u,(y|¥) = b. Since

a<b, we get that u,(x|¥) = a and p,(y|y) = a. Moreover, Ty, (1, (x|%), 1, (¥1)) = a implies that
Up(z|Z2) = a sothat Counts(qy(z) = p. This means that z € Z(a).

Theorem 4.3. If Z is a rectangular L-multi-fuzzy complex number and a € L, then

#(a) = ﬂ #(b).

b<a
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Proof. Suppose b < a so that by Theorem 4.2 we have Z(a) € Z(b), hence,

#(a) € ﬂ (D).

b<a

Conversely, forall z € ﬂb<a2(b) and every e > 0 we get z € Z(a — €). Which includes that there is a positive
integer p such that Count;,—¢)(2) = p, this implies that u,(z|2) = a — €, thatis T, (Hp (xla?),up(yljz)) >

a — € since € is any arbitrary positive number, suppose € — 0. So, we conclude that T, (Mp (xla?),up(yly)) >
a if and only if Count;(,)(z) = p for a positive integer p and z € Z(a). Hence,

ﬂ #(b) € #(a).

b<a

Definition 4.4. If Z; and Z, are rectangular L-multi-fuzzy complex numbers and * denotes the basic arithmetic
operations, then we define the membership function of Z; * Z, as follows

w1z 2= \[ (w120, 1 (w212,)).

W=wyw,

Theorem 4.5. If Z; and Z, are rectangular L-multi-fuzzy complex numbers, then for all a € L,
(Zy * Z; )(a) = Z1(a) * Z,(a)

Proof. We prove only for the case that * is addition, the other operations can be proved similarly.

Letw € (Z; + Z; )(a), then Count(; 43,y (W) = p if and only if u,(w|Z; + Z;) = a. By Definition 4.4 we
get

\/ T (Hp(W1|Z~1)'IJp(W2|52)) =a

wW=w;+Ww;

It follows that both u,(w;]Z;) and u,(w,|Z,) are greater than or equal to a. So that, for w; = x; + iy, and
w, = X, + iy,, the definition of rectangular L-multi-fuzzy numbers gets that

Ton (1 Cer 1300, 1, (31171) ) = @ and Ty, (1 (221%2), 1, (3:172) ) = .

On the other hand, we conclude that all p,, (x1|%;), up,(y1191), up(x21%;) and u,(y,1¥,) are greater than or
equal to a if and only if Countg (q)(x1) =p, Countg, () (x2) =p, County (o) (y1) =p and
County, q) (y2) = p. Then the definition of a-cut of L-multi-fuzzy numbers implies that x; € %;(a), x, €
%,(a), y; € y,(a) and y, € J,(a). Hence, w; € ¥,(a) + iy, (a) and w, € ¥,(a) + iy, (a). It follows thatw €
Z,(a) + Z,(a) by Lemma 4.1.

Conversely, suppose that w € Z;(a) + Z,(a), then there exist w; and w, satisfying w; + w, = w such that
w; € Z;(a) and w, € Z; (), this illustrates that there exists a positive integer p such that Count; (q) (w1) =p
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and County, () (w,) = pifandonlyif u,(wq]Z;) = aand w,(w,|Z;) = p. Next, forw; = x; + iy, andw, =
X5 + iy,, the definition of L-multi-fuzzy numbers say that

T (1 Cer20), 1y 01151)) 2 @ and Ty (11 (21%2), 15 (72152) ) 2

So that, the extension principle for L-multi-fuzzy numbers, gets that

@t +5) = \[ Tn (10t myCel®) 2 a,

X=x1+X,

and

O+ = \[ T (lp@l2), 1y () 2 @
Y=y1t+y2

Therefore, Countz, +z,))(x) =p and Count(, 1z,))(x) = p, these means that x and y belong to
(%, + %,)(a) and (71 + ¥,)(a), respectively. Hence, w € Z; (a) + Z; (a) and the result follows by Lemma 4.1.

Theorem 4.6. If Z, = X¥; + iy, and Z, = X, + ij, are two rectangular L-multi-fuzzy complex numbers, then
D) Z1+7Z, = H+%+i0+9),

Q) 21 -2, = % — % +i(01 - ),

3) %1 "z ~=~(f}97~2 - 371}72):*‘ i~(}7~1972 + 2%1),

(4 2 (—x1x2+y1y2) +i (y—1x2+y2x1), where 0 & supp (%2 + ¥2).

z =2, o2 2. 2
Z, %2 +9% Z2+92

Proof. (1) It is obvious that for w; = x; + iy; and w, = x, + iy, we have T, (yp(w1|zl),up(w2|zz)) =

T (Mp(xl|f1);ﬂp(xz|f2);ﬂp(Y1|371);Mp(3’2|372))- Moreover, let %, 7, x, and y denote for X; + X,, J; + ¥,
x1 + x, and y; + y, respectively, then

T (1 Ger|20), 1y O 22, by 01190, 1y (21920 ) < o (1 e 1%0), 1 (221%5) )
and

Ton (1 Cex|1%0), 1 (21720, 1y 1150, 1 (92192) ) < Ty (11 011500, 15 (721572
This means that, Ty, (1, (1 1%1), 1 (x21%2), 1 (71191, 1 (¥21572) ) less than or equal to both 1, (x [%) and

tp( |9). Moreover, for Z=%+iy and w =x +1iy, T, (.Up(xﬂfl)'#p(x2|f2).#p(}’1|}71): #p(}’2|}~’2)) <
tp(w |2) means that u,(w | Z; + Z) < (2 |2).

On the other hand, for arbitrary € > 0 there are x1, y;, x5 and y; such that x = x; + x5, y = y; + y; and
Ton (11 O 1%0), 1 (x51%2) ) > (2 1) = € (resp. T (1 04170), 1y 05152) ) > 11 (v 19) — €). This implies
that,

Tm (#p(xilfl): .“p(xélfz): .“p(y{lyl)r lip(J/ébN/z)) > .up(wlz) —€

Sothat, u, (W | Z; + Z;) > u,(w|Z) — e implies that w,(w | Z; + Z;) = pp,(W|2).
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The proof of (2), (3), and (4) are similar to (1).

Lemma 4.7. If ¥ and ¥ are two L-multi-fuzzy numbers and * denote the basic arithmetic operations, then so are
X = 3. Where in the case of division County,)(0) # 0, forall a € L.

Proof. We only prove for the case that * is addition. The other cases are similar.

First, for w = ¥ + ¥ and a € L, since both ¥ and y are L-multi-fuzzy numbers, clear that X and § are normal.
So that, there exist x and y such that County(;y(x) = p and County(;)(y) = p. Moreover, if z = x + y then
Countg,5(1)(z) = p and this implies that w is nonempty.

Second, to show w(a) is closed. Suppose that {w,,} is a sequence in Ww(a) such that w,, = x;,, + x,,, Where
{x1} and {x,,} are sequences in %(a) and ¥(a), respectively. So obviously x;,, and x,, are convergent
sequences in them. Moreover, if x;, converges to x and x,, converges to y such that x € ¥(a) and y € j(a)
then w,, also converges to x + y. Finally, since ¥ and  are L-multi-fuzzy numbers so that ¥(a) and y(a) are
bounded sets, this implies that w(a) = (X + y)(a) = %(a) + y(a) also is bounded for all a € L.

Theorem 4.8. If Z and W are two L-multi-fuzzy complex numbers and * denotes the basic arithmetic operations,
then so are Z = w. Where in the case of division County4(0) # 0, forall a € L.

Proof. The proof follows from Theorem 4.6 and Lemma 4.7.

Definition 4.9. If Z is a rectangular L-multi-fuzzy complex number, then the modulus of Z is defined by |Z| =
VX% + $2, where |Z| is an L-multi-fuzzy number with the following membership function

@l = \/ T (1 12D 1y 19)),
r= Ty

Lemma 4.10. If Z is a rectangular L-multi-fuzzy complex number and a € L, then
1Z|(a) = |Z(a)I.

Proof. Suppose r € |Z|(a), so there exists z = x + iy such that r = \/x2 + y? and Count z4)(r) = p if and
only if u, (r||Z]) = a, implies that

\/ T (1 (612, 1, (715)) 2

Finally, T,, (,up(xlf ), up V1Y )) > a ifand only if Count () (r) = p.

Theorem 4.11. If Z; and Z, are two rectangular L-multi-fuzzy complex numbers, then

(1) 121 + Z3| < 12| + |Z,].
(2) 121 — Z3| =2 12| — | Z,].

Proof. We prove only (1). Lemma 4.10 and Theorem 4.5 implies that

121 + Z;1(a) = [(Z1 + Z) ()] = |Z1(a) + Z,(a)|
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= {|Z1 + Zz|| 71 € Z1(a), z; € Zy(a)}

= {21 + 2,|| Count;, () (21) = p, Counts,(q)(2,) = p}
< {lz1] + |2,1| Count;, ()(2z1) = p, Counts,(q)(2,) = p}
= |Z1(a)| + 1Z;(a)| = |Z;|(a) + |Z;|(a)

= (1Z1] + 12;D (@)

Definition 4.12. Given Z = X + iy is any rectangular L-multi-fuzzy complex number, then the conjugate of Z
is defined by Z = % + i(—5). where Z also is a new L-multi-fuzzy complex number with the following
membership function

i@l = \[ T (1 1), 1y 317)),

z=x—iy
Lemma 4.13. For a rectangular L-multi-fuzzy complex number Z = X + iy and a € L, we have
z(a) = z(a)
Proof. The result follows from Lemma 4.1 and Definition 4.10.

Theorem 4.14. For a rectangular L-multi-fuzzy complex number Z , we have Z=12

Proof: In view of Lemma 4.13, we can see that zs(a) =Z(a) = 2(a) = {Z |z € 2(a)} = Z(a) forall a € L.

Theorem 4.15. If Z; and Z, are rectangular L-multi-fuzzy complex numbers and * denote the basic arithmetic
operation, then

(21 % Z3) = 71 * 2.
Proof. For any a € L, we have

(Z1* Z)(@) = (2, * Z5)(a) = (Z~1(a) * Zz(a))
={z1%7; | z; € Z(a), 7 € Z,(a)}
={Zz; ¥ z; | Countz (4)(z,) = p, Countz,(qy(22) = p}
= {21 * z;| Count;, (q)(21) = p, Counts,4)(2;) = p}

=21(a) *Z(a) = Z:l(a) * Zzz(a) = (2:1 * 2:2)(61)-
Hence, Lemma 4.13 follows the result.

Conclusions

In this paper, the concept of [0, 1]-fuzzy complex number is generalized to a rectangular L-fuzzy complex
number and L-multi-fuzzy complex number. Some of their characterizations and properties are presented by
using the lower cut sets and the upper cut sets of L-fuzzy set theory and some decompositions of them are
obtained. Also, we showed that there is a relationship between the rectangular L-fuzzy complex numbers and
L-fuzzy numbers under the union and intersection preserving mapping conditions. Furthermore, we proved that
L-multi-fuzzy complex numbers can be characterized by their rectangular L-fuzzy complex numbers.
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